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Abstract. In this paper we study the asymptotic behavior of solutions to an elliptic equation 
near the singularity of an inverse square potential with a coefficient related to the best constant 
for the Hardy inequality. Due to the presence of a borderline Hardy potential, a proper variational 
setting has to be introduced in order to provide a weak formulation of the equation. An Almgren- 
type monotonicity formula is used to determine the exact asymptotic behavior of solutions. 



1. Introduction 

On a domain fi C R w , N ^ 3, containing the origin, let us consider the following problem 
(1) -Au- (^y^) |^ja =Kx)u + f(x,u), inO, 

where h is possibly singular at the origin but negligible with respect to the Hardy potential and / 
is a nonlincarity subcritical with respect to the critical Sobolev exponent. Looking at equation ([1]), 
one may observe that the best constant for the classical Hardy inequality appears in front of the 
inverse square potential; this can be considered as a borderline situation for several points of view, 
from the variational setting to the existence and qualitative behavior of solutions. Recent papers 
were devoted to equations and differential inequalities involving elliptic operators with inverse 
square potentials in the borderline situation, see [SJ [TTJ H31 HOI HH1 HH] ■ 

In [T2] the authors study necessary conditions for the existence of nonnegative distributional 
solutions of the differential inequality 

(N- 2\ 2 u u , , 

V 2 J \x\ z \x\ 2 \og' L \x\ 

where Br denotes the ball of radius R centered at the origin. The logarithmic term appearing 
in the above inequality is related to an improved version of the Hardy inequality, see for example 

In the author studies existence of positive distributional solutions of the nonlinear elliptic 
equation 

ii 

-Au - A—pr + b(x)h(u) = inftWOl, 

TP 
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satisfying some prescribed asymptotic behaviors at the origin, where Q C R N , N ^ 3 is a domain 
containing the origin and A <G (—00, (N — 2) 2 /4]. These prescribed asymptotic behaviors are related 
to the following fundamental solutions 



, N-2 I (JV-2) 2 T iV-2 , I (N-2) 2 T 

= \x\-—-v-^- x , ^( X ) = \x\-— + v^-^- x , 

^ + {x) = \x\ ~ log(l/|x|), <f?-(x) = \x\ s- 

of 

-Aw - A-^rr = in R N \ {0} 
M 2 

respectively in the cases A e (-00, (iV - 2) 2 /4) and X = (N — 2) 2 /4. 

Similar results were obtained in [4] for equations with elliptic operators in divergence form. 

In |12j the author studies a singular elliptic Dirichlct problem with a power type nonlincarity 
and a forcing term: 

-Ait — -. — pr u = u p + tf in Q, 

fI 

( 2 ) ^ u > in 17, 

= on an, 

where Q C R N , N ^ 3, is a domain containing the origin, p > 1, t > 0, / a smooth, bounded, 
nonncgative function, and c € (0, (iV— 2) 2 /4]. In [12], the author provides a classification of different 
kind of solutions of problem ([2]), both of distributional and variational type. In the present paper, 
we are going to introduce an analogous terminology for solutions to (JTJ, a classification of which 
will be provided as a byproduct of our main result, see section [5] for details. 

We also mention that, in [5] the authors study existence and nonexistence of solutions of the 
equation in ([2]) with t = 0. 

In the spirit of [T2] , in the present paper we concentrate our attention on local solutions to ([TJ 
belonging to a suitable functional space related to the borderline case of the Hardy inequality. To 
this purpose, in section[2]we introduce the Hilbert space H(ui) defined as completion of C^°(w\{0}) 
with respect to a scalar product related to the Hardy potential appearing in ((T|) (see (TJ|). Here u 
represents a bounded domain with dcu £ C 1 . 

The purpose of this paper is to classify the possible asymptotic behaviors of solutions to ([1]) near 
the singularity of the Hardy potential. Some results in this direction were obtained in (TUfTSlUBlfTT] 
for different kinds of problems: in |15U17) Schrodinger equations with electromagnetic potentials, in 
|16j Schrodinger equations with inverse square many-particle potentials; finally in |14) the authors 
study the asymptotic behavior of solutions of a singular elliptic equation near a corner of the 
boundary. For other results concerning elliptic equations with singular inverse square potentials 
see also [HI H3 [23l EH [27] . 

The results of the present paper are closely related to the ones obtained in [15j [17] . If we drop 
the magnetic part of the electromagnetic potential, the equation studied in |15[ 117] becomes 

(3) -Au - a y ™ u = h(x)u + fix, u) inn, 

\x\ 2 

where a € L oc '(S N ~ 1 ). In [TS] [T7J the quadratic form associated to the linear operator —A— ^%pr^ 
is assumed to satisfy a coercivity type condition. More precisely, it is required that the first 
eigenvalue /Ui(0, a) of the spherical operator — A s n-i — a(9) satisfies /ii(0,a) > — (^5-^) ■ 
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Due to this coercivity, it was quite natural in that setting looking for i/ 1 -solutions to ([3]), i.e. 
functions u G i? 1 (f2) satisfying ((3|) in a variational sense, whereas, in the borderline situation 
considered in the present paper, it is reasonable to replace the classical H 1 Sobolev space with the 
above mentioned H space. 

In the proof of our main result (Theorem 12.11 below) we perform an Almgren-type monotonic- 
ity procedure (see [H [3T]) and provide a characterization of the leading term in the asymptotic 
expansion by means of a Cauchy's integral type representation formula. 

As an application of the main result, we also prove an a priori estimate and a unique continuation 
principle for solutions to (JTJ); see |25j for questions related to unique continuation principles for 
elliptic equations with singular potentials. 

This paper is organized as follows. In Section [5] we introduce the assumptions of the main 
result and explain in details what we mean by a ^-solution of ((TJ) . In Section [3] we describe the 
main properties of the space "H, while in Section 0] we reformulate ([I} in cylindrical variables, 
introducing an auxiliary equation in a cylinder of R w+1 . In Section [5] we study the Almgren-type 
function associated to the problem, which is combined in Section \§\ with a blow-up argument to 
characterize the leading term in the asymptotic expansion of solutions of (JTJ) near the origin, thus 
proving the main theorem. 



2. Assumptions and main results 

We first introduce the assumptions on the potential h and the nonlinearity /. We assume that 
h satisfies 

(H) h e L^ c (n\{0}), \h(x)\ < C h \x\- 2+e in \ {0} for some C h > and e > 0. 
It is not restrictive to assume that e £ (0,2). Let / satisfy 




/ € C°(fi x E), F€C 1 {ClxR), sm- f(x,s) €C 1 {M) for a.e. x e CI, 

\f(x, s)s\ + \f' s (x, s)s 2 \ + \V x F(x, s) ■ x\ < C f {\s\ 2 + \s\ p ) for a.e. x G fl and all s £ R, 



where F(x,s) = f*f(x,t)dt, 2 < p < 2* = C f > is a constant independent of x € f2 and 

s e M, V ' X F denotes the gradient of F with respect to the x variable, and f' s (x, s) = §7(2, s). 

In order to state the main result of this paper, a suitable variational formulation for solutions 
of |T]) has to be introduced (see also [12j [20l [29] ) . For any bounded domain uj C R containing 
the origin and satisfying du> <S C 1 , let us define H(u>) as the completion of the space C^°(uj\ {0}) 
with respect to the scalar product 

(4) (u,v) nH := J Vu(x)-Vv(x)dx- (— — J J y ^ ' dx 

+ [ u (x)v(x)dx + ^— - [ "fry ( x -v(x))dS, u,v€C™(lJ\{0}). 

Jlj * Jduj \ x \ 

The form in is actually a scalar product on C^°(uj\ {0}) as detailed in Section [3] 

For any domain il C satisfying G f2 (with dft not necessarily in C 1 ), we define the space 
Hioc(^) as the space of functions u £ Hl oc (Q \ {0}) such that u\ u £ H(u>) for any domain u <e Q 
with div &C 1 . 
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We are ready to provide a rigorous definition for solutions to ([T]). Let h, f satisfy respectively 
H| and jF{: by a solution of (fTJ) we mean a function u £ %i oc (fi) such that 

2 



(5) 



Vii(x) • \7ip(x) dx 



N-2 



u(x) 
\x\ 



(h{x)u{x) + f(x, u(x))) ip(x) dx 



for any if £ C£°(f2\ {0}). We observe that every term in the above identity is well-defined in view 
of Proposition 13.21 and Proposition 13.51 

The above notion of solution corresponds to the notion of %(il)-solution introduced in p"2l 
Section 6], as we will prove in Proposition 13.71 In other words, if u £ "Hioc(^) is an "H-solution of 
([T]), then for any uj c<= fi with dcu £ C 1 we have 

(u,w)-h( w )= / (h(x) + l)u(x)v(x) dx + / f(x,u(x))v(x)dx for any v £ %o(w), 

J U) J u 

where %o(w) is the closure in T-L(uj) of the space C£°(w \ {0}). 

In [12], the following notion of strong solution is also discussed. By a strong solution to ((T|) wc 
mean a function u £ C 2 (il\ {0}) which solves (TIJ in the classical sense and satisfies the following 
pointwisc estimate: for any R > there exists a constant C = C(N, h, f, u, f2, R) depending only 
on N, h, f,u,il, R but independent of x such that 

N — 2 

\u(x)\ < C\x\ — — for any x £ (0 n B R ) \ {0}. 

Before giving the statement of our main result, we recall that the eigenvalues of the Laplace 
Beltrami operator — Ag«-i are given by 

\ e = (N-2 + £)l, £ = 0,1,2,..., 

having the £-th eigenvalue Af multiplicity 

(N ~3 + £)\(N + 2£-2) 



me 



£\{N-2)l 



and the eigenfunctions coincide with the usual spherical harmonics. For every £ ^ 0, let {^.mlmLi 
be a L 2 (S w ~ 1 )-orthonormal basis of the eigenspace of — A§n-i associated to \i with Yi. m being 
spherical harmonics of degree £. 

Theorem 2.1. Let N ^ 3 and assume ([H]). (|Fj) . Lei u G 'Hioc(^) &e a nontrivial TL-solution 
to (Op. Then there exist 4gN and Pi ,i, ■ • ■ , Pi ,m e € R suc/i i/iai (A ,i, • ■ • , /3£ , mfo ) ^ (0, . . . , 0) 
and, /or any a £ (0, 1), 



u{r6) ->■ £ ft o , m y o , m (0) l n C 1 ' Q ( 



l,a,' K .A r -l^ 



H 



A 'o V n(r0) ^ & , m [(-^ + ^xCj Yio , 

m—l 

in C°' a (S N ^ 1 ) as r — > + . Moreover, the coefficients ■ ■ ■ ,/3f ,m f0 

sen£a£ion 



gw-i 



u(J?6») 



h(s6)u(s6) + f(s6,u(s6)) 
27 + iV — 2 



-7+1 



+ V§N-iY^ OiTO (0) 

admit the following repre- 

7+7V-1 



ds 
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for any R > such that B R := {x € l w : \x\ < R} C fi, w/iere 7 := + \/Xfo. 

As a consequence of Theorem 12. 1[ the following pointwisc estimates hold true. 

Corollary 2.2. Let N ^ 3 and assume (|H|) , (jFj. //« € %ioc(^) is a nontrivial H- solution to 
t/ien i/iere exists £q £ N such that 

\u(x)\=0(\x\- E ^ + V^^ and \Vu(x)\ = o(\x\-% + V>*?) as \x\ ^ 0. 
The following result follows immediately from Corollary |2.2l 

Corollary 2.3. Let N ^ 3 and assume (|H| . (|F|). Let it 6 %i oc (f2) oe a nontrivial TL-solution 
to jTJ). TTiert 

(%) |u(x)| = 0(1x1-^) as |z| ->0. 

(ii) If u changes sign in a neighborhood ofO, then u £ H} oc (Q). 

From classical elliptic regularity theory and Corollary 12.31 it follows that if u is an "H-solution 
to (JTJ) and h, f are smooth outside 0, then u is a strong solution in the sense of |12j . 

As another byproduct of Theorem 12. 11 we also have the following version of the Strong Unique 
Continuation Principle for an elliptic equation with a singular coefficient. 

Corollary 2.4. Let N ^ 3 and assume §H§, (jFj. Let u £ 74, C (Q) be a U-solution of If 
u(x) = 0{\x\ k ) as \x\ — > + for any k £ N, then u = in il. 

Notation. 

- For all r > 0, B r denotes the open ball {x £ : |x| < r} in M. N with center at and 
radius r. 

- (A) denotes the space of C°° (A)-functions whose support is compact in A. 

- For any open set fi C M. N , T>'(fl) denotes the space of distributions on f2. 

- dS denotes the volume element on the spheres dB r , r > 0. 

- For any N ^ 1 we put Wjv_i := Ljv-i dS. 

3. On H-solutions to (JTJ 

In this section we describe the main properties of the space T-L and of 'H-solutions to (p} . In the 
sequel, to denotes a bounded domain in M. N satisfying dui £ C 1 and £ w. In order to reformulate 
in cylindrical variables, we let 

$ : R N \ {0} -> C := R x S^ 1 c K N+1 

be the diffcomorphism (Emden- Fowler transformation) defined as 

:= f-log|z|, ||y) for any a; € R w \ {0}, 

see [9], and let C w := $(0; \ {0}) C C. Let us introduce the linear operator 

(6) T:C?(t3\{0})^C?(p u ), 

Tu(i,0) := e-^ t w(e"*6»), for any 0,0) £ C, u £ C c °°(w\ {0}). 
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Clearly T is an isomorphism between vector spaces. Let us denote by /u the standard volume 
measure on the cylinder C, by Vc the gradient associated with the standard Riemannian metric of 
C, and by (t, 9) the generic element of C. 

We observe that (•, as defined in is actually a scalar product on C£°(uJ\ {0}) since the 

following identities hold for any u € C* c 00 (aJ\ {0}), see (SJ [30] : 



(7) 



(8) 



|Vw(x)| 2 cfa; 



7V-2 



w 2 (cc) dx 



N-2 



u 2 (x) 

dui \ x \ 2 



u 2 (x) 



dx 



(x ■ v{x)) dS 



|V c (T M )| 2 rf/i^0, 



\Tuydn. 



We also define, for any uj as above, the weighted Sobolev space H^iC^) as the completion of 
C^°(C U ) with respect to the norm 

1/2 



\ w \\h^) 



-2t„„2 



By density and continuity it is possible to extend T as a linear and continuous operator from %{<jj) 
to if M (C w ). In this way T : %(w) — >• if^(C w ) becomes an isometric isomorphism. 
The following proposition relates "H(w) with the classical Sobolev space H (u). 

Proposition 3.1. Let uj C &e a bounded domain satisfying E uj and duj G C . Then 
H (oj) C H(ui) with continuous embedding. 

We omit the proof of Proposition ^. II which can be easily obtained by classical density arguments. 
We observe the inclusion C H(uj) is actually strict, since the function \x\ ~ belongs to 

H{u) but not to H 1 ^). 

Proposition 3.2. Let uj C M. N be a bounded domain satisfying E uj and duj G C 1 . Then 
%{uj) C H\ OC (ZO\ {0}) f~l L 2 (uj) where by H^ oc (ZJ\ {0}) we mean the space of functions which belong 
to H 1 (A) for any open set A satisfying A C uJ\ {0}. 

PROOF. Let u G H(oj) and let {it„} C C^(uj\ {0}) be a sequence such that u n — > u in T-L(uj). 
Then, for any n, Tu„ belongs to H^C^). By (JU), 0, (jHJ and direct calculations, for any open set 
A such that A C cJ\ {0}, we have that, denoting V niTn = T(u n — u m ), 



(9) 



^mllifi^) 



IVcK.r 



yV 2 

2 / n,m 



'JV-2 



|V c K, m | 2 + (^)V n 2 ? 



dfi 

-2*ta2 



2 



W-2 t^2 
2 ^n,m 



e -2ty2 



("/// 
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where Ka '■= max j ^, 1 + N ^ N 4 ^ SVL P(t.e)ec A e2 '|- Then {u n } is a Cauchy sequence in H 1 (A) for 
any A as above and hence u G H(uj) may be seen as a function in H^ oc {lo \ {0}). Moreover, by (@|, 
(0) and © it is clear that 

\\u n - u m \\ L 2 {to) ^ \\u n - U m \\-H(w) 
and hence {«„} is a Cauchy sequence in L 2 (u). This completes the proof of the proposition. □ 
In Extension 4.3] the following Poincare-Sobolev type inequality was proved. 

sJY 



Proposition 3.3. (7) Extension 4.3] Let ui C R be a bounded domain satisfying OGw and let 

2N 
N-2 ■ 



1 ^ q < 2N ^„ . Then there exists a constant C(ui,q) such that 



.'N-2X 1 f u 2 (x) , 
\X/u{x)\ z dx - — - — / -r^r-dx 



(10) (^J \u{x)\ q dx^j ' < C{u,q) 

for any u € C™{u\ {0}). 

Let us consider the space 'Ho(w) defined in Section[5]as the closure in H(u>) of C^°(uj \ {0}), see 
also [TZ1 Section 6] . If we define the scalar product 

(11) (u,v) no(u) := J Vu{x)-Vv{x) dx- (j^) J } dx, for any u, v g C c °>\{0}), 

then by (JTOJ) with q = 2 we deduce that the norms || • \\u(u) an d || • ||-h M are equivalent on 
C£°(w \ {0}). Hence Wo(lu) may be endowed with the equivalent scalar product obtained by 
density, extending the scalar product (•, -)w (w) defined in (fTTj) to the whole Hq(oj) x Hq(lu). 
By Proposition 13.31 and the definition of Hq(ui), the following Sobolev type embedding follows. 



Proposition 3.4. Let u> C M. N be a bounded domain satisfying 0£w and let 1 ^ q < 2] ^_ 2 . Then 
Jio (w) C L q (uj) with continuous embedding. 

Actually the continuous embedding H(lj) C L q (us), 1 ^ q < 2N/(N — 2), also holds true as 
shown Proposition ^. 51 

Proposition 3.5. Let ui C l w be a bounded domain satisfying G ui and let 1 ^ q < 2N _ 2 . Then 
'H(w) C L q (oj) with continuous embedding. 



PROOF. Let u e %(w). Then by Proposition 13.21 we deduce that u £ L q (uj\ Bs) for any <5 > 
such that Bg C w. Moreover, arguing as in ([9]), we infer that there exists a constant C(N,q,S) 
depending only on N, q, <5, ui such that 

(12) \\u\\ l ^\b 6 ) < G(JV,?,*)||u||« (w) . 

Let us prove that for some fixed 8 > chosen as above u € L q (Bs). To this purpose let 77 € C£°(w) 
be a radial function such that ^ ?/ ^ 1 and = 1 in B§. Let {u n } C C^°(uJ\ {0}) be a sequence 
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such that u„ -> u in "H(w). Then by ©, ©, dTUJ) we obtain 
(13) f / | K - Um )77|«dxV sC C(u, q) 



V{{u n -u m )ri)\ 2 dx-(^f[ IK , dx 



= C{uj,q) \Vc(T((u n -u m )v))\ dn 

<2 f j 1 2 (e- t e)\V c (T(u n ~u m ))\ 2 dfi + 2 I \T(u n - u m )\ 2 \ Vcfa(e~*0))| 2 dA* 



<2jf |V C (T(u„-u m ))| 2 d/x + 2||Vr7||ioc M y c e~ 2t \T(u n - u m )\ 2 d^ 

<2{l+\\Wvf L oo (u) )\\u n -u m \\^ {uj) . 

This shows that {u n rj} is a Cauchy sequence in L q (uj). Since u n rj — > urj pointwise then urj £ L q (ui). 
In particular u £ L q (Bs). Moreover proceeding as in (fT3"|) we also have that 

(14) ||lt||i»(B 4 ) < \\V u \\li(u>) = lim llT/tinllij^) 

< ^[2(1 + ||VT 7 ||i o M )] 1 /3|| Un || w((u) = [2(1 + HVullioo^))! 1 / 3 !^!^^ . 

Combining (|12p and (TT4")) we conclude that C L q (u>) with continuous embedding. □ 

From Propositions 1331 and 1331 we infer that, if u £ U\ oc (fl), then u e H^JQ. \ {0}) n if oc (0) for 
all 1 < q < 2N/(N-2). 

Remark 3.6. From Proposition 13.21 we have that if u G 'Hioc(^) is a solution to ([T]) in the sense 
of (0, then u is a weak //"-"--solution in J7\{0}. Hence, classical Brczis-Kato [6] estimates, bootstrap, 
and elliptic regularity theory, imply that u £ Hy oc (fl \ {0}) n C lo '"(0 \ {0}) for any a £ (0, 1). 

From ([5]) we deduce the following characterizations of solutions to ((T|). 

Proposition 3.7. Let h satisfy (|H|) , / satisfy fF]) and u £ W\ oc (fl) be a solution to (QP in the 
sense of ([5p. Then u solves (QJ) in the sense of distributions in fl, i.e. 

(15) — f u(x)A(p(x) dx — ( ) / - r —z-ip{x)dx= [ (h(x)u(x) + f(x,u(x)))(p(x) dx 

Jn V 2 / Jn Fl Jn 

for any ip £ C£°(f2). Moreover, for any bounded domain uj with dcu £ C 1 and Zu C fl, we have that 

(16) ( u iv)-h(uj)= / (h(x) + l)u(x)v(x) dx + / f(x, u(x))v(x) dx 

J UJ J UJ 

for all v £ Hq(uj) and 

(17) (u,v) n r u \= / (h+l)uvdx+ / f(x,u)vdx+ / — vdS-\ — / (x ■ v) dS 

Juj Juj Jduj 0v 1 Jduj Fl 

for all v £ H(u>). 

Proof. Let ip £ C£°(fi) and let u> be an open domain with smooth boundary satisfying ZU C fl 
and suppyj C u>. Since u £ Hi oc (fl) then u £ H(u)) and there exists a sequence {u n } C (uJ\{0}) 
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such that u n — > u in H(uj). Since <p £ Hq(uj), Proposition 13.11 implies that there exists a sequence 
{<p m } C C^°(oj \ {0}) such that ip, n — > ip in and in H(u>) as m — > +oo. Hence we have 



(18) («,¥>)w(w)= hm ( lim (u„, tp m )n(u) ) 



lim < lim 

ri— >+oo I m— >+oo 



Vu„ • V</? m c?x — 



N-2 



lim 

n— >-+oo 



= lim 



N — 2 



U n tf 



Unfr, 



dx + / Unfm dx 



dx + / u n ipdx 



By Proposition 13.51 we also have that it„ — >■ u in L q {uj) for any 1 ^ g < 2*. By Holder inequality 
with < P < W=2 wc havc that W 6 and 



u n {x)ip(x) 



dx 



u(x)(p(x) 



dx 



< IM|i°°(uO ( / - u(x)| 9 dx 



2g 

H i- 1 dx 



and hence passing to the limit in (|18p we obtain 



(19) {u,<p)u{u)=- \ u(x)Aip(x)dx 



N-2 



u(x)ip(x) , 

1 — 12 — dx + I u{x)ip(x) dx . 



On the other hand, by the convergence u n — >• u in H^ oc (uj \ {0}), see Proposition ^. 2[ wc obtain 



(20) (u,(p)u(u,)= Ihn ( lim (u n , ¥>m)u(u,) ) 



lim < lim 

m— »-+oo I n— >+co 



lim 



= lim 

7n— >-+oo 



N — 2 



N-2 



Utfr, 



dx + / u n y m 



(/i + l)mp m dx + / f(x 1 u)ip m dx 



dx + u(p m dx 



= / (h + V)uLpdx + I f(x,u)ipdx 



where the last identity follows from assumptions (|H|) and JF]) and the fact that ip m — >• ip in L q (ui) 
for any 1 < q < -j^. Combining (HU) and $ZU§ obtain (|15l) . 

The proof of (fTo| follows by the following density argument: let {v m } C C^? \ {0}) such that 
u m — > u in T-L{u>). Now it is enough to pass to the limit as m — > +oo in (|20[) with u m in place of ip. 

It remains to prove (fl7|) . By elliptic regularity estimates u € C 1 (w \ {0}) (see Remark l3.6j) and 
hence the normal derivative of u on duj is continuous. Let v £ 'H(w) and let {v m } C C^°(oJ\ {0}) 
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be such that v m — > v in I-L(lu). Therefore we are allowed to integrate by parts to obtain 

^ , fN-2\ 2 f u , f N-2 f uv m , 
[u, v m ) H r u ) = / vii • Vv m dx - — - — / -j— 12 v m dx+ / uv m ax H — / -j— ^[x ■ v) db 

Ju, \ Z / Ju> Fl Joj Z Jdu) Fl 

f / a \ , f du in fN-2\ 2 f u 
= / -(Au)v m dx + / -rr-Vm db - — - — / -r—TK v m dx 



N-2 f uv m 
v m dx-\ — / — —{x-v)db 

2 Jdu, Fl 

f f du f N — 2 f uv m 

huv m dx+ / f(x, u)v m dx+ / — v m dS+ / uv m dx-\ — / — ^ (x ■ v) dS . 

Ju, Jdu, ov J u 2 J du \x\ 2 

The proof of (jTTJ) follows passing to the limit as m —> +oo. □ 

4. AN EQUIVALENT PROBLEM ON THE CYLINDER C 

Reformulation of ((5]) in cylindrical variables yields the following characterizations of solutions 
to CQ). 

Proposition 4.1. Let h satisfy (fH|) . / satisfy |{F]). andu £ 'Hioc(^) be a solution to (QJ) in the sense 
of |3p. If ui is a bounded domain with dui £ C 1 and Z0 C CI, then the function v := Tu £ H^iCuf) 
is a weak solution of the equation 

(21) - A c v(t,6) =e- 2t h(t,8)v(t,Q) + e~ 2t f(t,e,v(t,9)), inC u , 
where Ac denotes the Laplace- Beltrami operator on C and 

h{t,e):=h{e- t 6), f{t, 6, s) := f (e'^, e^*s) , for any (t,6) £ C u , 

in the sense that 

(22) f Vcv-Vcwdfi^ I e- 2t (hv + f(t,e,v))wdfi, for every w £ H„ fi (C u ) := T(Ho(u)). 
Jc^ Jc^ 

Moreover 



(23) / V c v-V c wdn= I (V ' c v ■ vqcS) w dS + / e~ 2t (hv + f(t,6,v))w dfj,, 

Jc^ JdC^ Jc^ 

for every w £ Hn(C u ), where vqq^ denotes the exterior normal vector to dC u on C. 
The following corollary is an immediate consequence of (|23[) . 

Corollary 4.2. Let h satisfy (|H|) . let f satisfy ([F]). and let u £ H\ oc (Q) be a solution to J7J) in 
the sense of |5]). For any t6l, let 

C t := {{s, 6) £C : s>t,0 £ S^ 1 }, r t := {(*, 6) £ C : 6 £ S"" 1 }. 

Then for any t such that Ct C Csi, the function v := Tu £ H^{Ct) satisfies 

(24) / V c v-W c wdn = -j ^ w dS+ f e- 2s (h( Sl 9)v(s,6) + f(s,6,v(s,d)))w(s,9)d l i 
Jc t Jv t c* s Jc t 

for any w £ i? M (C t ). 
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In order to study solutions to ([21]) , the properties of space have to be investigated. The next 
results go in this direction. 

Lemma 4.3. For every t£E, H^iCt) L 2 (T t ) with compact embedding. Furthermore, 

(25) \ V cv\ 2 d^ + j v 2 dS^j 

is an equivalent norm in H^(C f ); more precisely, there exists a constant C > such that, for all 
i6K andv G H^Ct), 

( 26 ) if / \^cv\ 2 dfi + e 2t f e~ 2s v 2 dfi) sC / \V c v\ 2 dp + [ v 2 dS 



IV 



<C[ f \W c v\ 2 dp + e 2t I e~ 2s v 2 dp 
V Jc t Jc t 



Proof. The embedding H^Ct) ^ L (Tt) and its compactness are just a consequence of the 
fact that T : H(lu) — > -ff M (C w ) is an isometric isomorphism combined with Proposition 13.21 and 
compactness of classical Sobolev trace embeddings. To show that the quadratic form in (|2"5|) is an 
equivalent norm in H^iCt), we notice that, for all v G C£°(Ct), integration by parts yields 



(27) J e- 2s v 2 (s,6)dn(s,0) =J ^jf e~ 2 V(s, 9)ds^j dS(6) 



.,0)-J 






S JV-1 


I ( 














r t 



^e- 2 V(.s,i 



+ °° 

as 



which implies 



and hence 



-2s dv 
e v— dp, 



e- 2s v 2 d l i^\e~ 2t I v 2 dS + \( e- 2s v 2 dn+^— f \W c v\ 2 dp 
2 Jr t 2 Jc t 2 Jc t 



/ e~ 2s v 2 dp ^ e- 2t f [ v 2 dS+ [ \V c v\ 2 dp 

On the other hand, (|27l) also implies 

e~ 2t f v 2 dS^if e~ 2s v 2 dn + e- 2t f \\7 c v\ 2 dp. 

The conclusion then follows by density. □ 
The following lemma provides a Hardy type inequality with boundary terms. 

Lemma 4.4. For every a > and t G R, ff p (C 4 ) C L 2 (C t , e~ as dp). Furthermore, for every a > 
i/iere exists C a > smc/i £/iai, /or all t €M. and v G H^iCt), 

f e- as v 2 (s,9)dp(s,6) ^C a e- at ( f \V c v\ 2 dp+( v 2 dS). 

JCt \JCt JT t J 
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PROOF. For all v G C£°(C t ), integration by parts yields 

CT V(s, 0) dfi(s, 9) = J (J e- as v 2 (s, 9)ds^j dS{9) 



e 
c t 



gw-i 



a 



- s=+oo 2 r+oo 
+ - 



2 r°° dv \ 

e~ as — (s,9)v(s,9)ds)dS(9) 
ds ) 



-e~ at ( v 2 dS+- f 6~ as v—j— dfA) 
a JTt a Jc t ds 



which implies 



[ e- as v 2 da < -e~ at [ v 2 dS+-[ e~ as v 2 dp + [ \V c v\ 2 d^ 

Jet ° Jr t 2 Jc t <r 2 Jct 



and hence 



e- aa v*dfx^e- at [ - I v 2 dS + 



4j J c \V C v\ 2 d^ 



The conclusion thereby follows with C a = max{2/<7, 4/cr 2 }. □ 
The following Hardy-Sobolev type inequality holds. 

Lemma 4.5. For every q G [l, J?_ 2 ), there exists Cjv,g > such that, for allt GLM. and v G H^Ct), 

\2/9 



r/5 



PROOF. From Proposition ^. 51 there exists cjy i9 > such that 



for all it G T-L{Bi). Performing the change of variable v(s, 9) = Tu(s — t, 9) in the above inequality 
for all £ G R and taking into account (|26p . we obtain the stated inequality with Cjv.g = cfy g C. □ 

5. The Almgren frequency function 

In this section, our purpose would be to construct an appropriate Almgren-type frequency 
function for the solution to problem ([5]). Since for a general function u G H(ui), the norm 
cannot be expressed in an integral form, we prefer to look for an Algrcm-typc function associated 
with the function v := Tu. 

In a domain f2 C M. N , let u G "Hioc(^) be a solution of J5|). Let R > be such that Br C Q. 
According with [21 [21] (see also [TU [TU [El Hi]), for i > — log R, we define the functions 

2 j.. / „-2sI,2,„ / „-2s~ 



(28) D(t):= / \V c v\ z dfi~ e~^hv 2 dfi- e~ Zs f(s,9,v)v dfi 

J Ct J Ct J Ct 

and 



(29) H{t) := / vfdS, 

where v := Tu and T is defined in ©. 
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Lemma 5.1. Let il C R N a domain a let u £ H\ oc (£l) be a solution of $5$), u ^ 0, with h satisfying 
(|H| and f satisfying ([F]). Let H = H(t) be the function defined in Ifgj) . Then there exists i > 
such that H(t) > for any t > t. 

Proof. Let us argue by contradiction and assume that there exists t n — > +oo such that H(t n ) = 
0; in particular v = on r tn and v £ H^ (C tn ). From ([24]), ([H|). (JFJ) , and Lemmas l4~4l and [431 

0= / |V c u| 2 dyU- / e- 2s hv 2 d[i- f e~ 2s f{s , 6 , v)v dfi 

\V c v\ 2 d!s-C h I e- £S v 2 dv-C f f e~ 2s v 2 dn-C f f e(- N+E ^ p ) s \v\ p d(i 

Ct n ^ Ct^ C± n J Ct n 

C h C e e-^ - C f C 2 e- 2t « - C f C p £ e ^ N+ ^^ (J c _ ^ \W c v\ 2 d^) f |V C «| 2 ^ 

= (l + o(l)) / \V c v\ 2 dn 

which implies that v = in C tn for n sufficiently large. Hence u = in a neighborhood of the 
origin and, by classical unique continuation principles for second order elliptic equations with 
locally bounded coefficients (see e.g. [21]) we conclude that u = a.e. in il, a contradiction. □ 

By virtue of Lemma 15.11 the Almgren-type frequency function 
(30) W) = §| 

is well defined in (i, +oo). 

In order to obtain a suitable representation for the derivative of D we need the following 
Pohozaev-type identity. 

Proposition 5.2. Let h satisfy l[H|). / satisfy l[F]). and w £ %ioc(^) &e a solution to f5[). Lei 
R > be such that Br C SI. TTien /or every t€ (- log i?, +co) £/ie function v := Tu £ H^(C^ log/i) 
satisfies 

-2 S r dv , N - 2 /" o „ 

e 2s f(s,9,v)vdfi 



< 31 > ^/j^-/JSh s -/ c ,^^* + V/ c , 

JV-2 , 



+ / e- JV *J'(e-*fl > e-s-*t;(t,e))dS'. 
r t 



Proof. Since v £ H^(C t ) for any t > — logi? then 

f + ( [ \V c v(s,6)\ 2 dS(6)) ds= f \V c v\ 2 d^<+oo 
which implies that the map s h-> Ljv-i |Vc^(s, 0)| 2 dS(0) is integrable in (t, +oo) and hence 

liminf / \V c v(s,9)\ 2 dS(9) = 0. 
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By Lemmas 14.41 14.51 we also have 

«+oo 



gJV-1 



e- 2s v 2 (s,6)dS(6) ds + 



+oo 



e(- N+ ^ p ) s \v{s,6)\ p dS(6)) ds 



e- 2s v 2 (s,6)dfi+ f e(- N+E r lp ) s \v\Pdn < + 



c, 



so that the maps s i-> J gJV _ 1 e - 2s v 2 (s, 6)dS{8) and s i-> J^^ e(~ N+ ^ p ) s \v(s, 9)\ p dS(9) are 
intcgrablc in (t, +oo) and hence 



lim inf 

s— »+oo 



s v 2 {s,9)dS(9) 



gJV-1 



- N +^ p ) a \v{s,6)\ p dS(9) J =0. 



Let {sfc} C K be an increasing sequence such that — > +oo and 



(32) 



lim 

fc— >+oo /hjv-i 



|V c i>( Sfc ,0)| 2 + e " 2sfe i; 2 ( Sfc ,0)+ e (- Ar+ ^) s '=|«(s fc ^)| pN )^(0) = O 



From Remark 13.61 it G C 1 (il \ {0}) and hence v € C^Cn). Since u is a weak solution of (pH]) in 
C w for any bounded domain u> satisfying doj € C 1 and ZJ C il, testing (|21|) with ^| (we recall that 



^ € H^(Ct \ C Sk ) in view of Remark l3.6|) and using ([23| we obtain 



dv 



(33) / _e~ 2s (hv + f(s,8,v))—dfi= _ V c v ■ V c (|f ) dfx 

Cs Jc t \Cs k 



C t \Cs k 

1 

2 



9d 



dv 

da 



dS 



c t \c 3 



d_ 

ds 



\V c v\ 2 )dn 



dv 
ds 



dS 



dv 
ds 



dS 



i r Sk ( a 



— I \V e v(s,6)\'dS(6))ds + 



) ds + 




dv 


2 




dv 


L 




dS- 


L 






ds 




ds 



gN-l 



\V c v(s k ,6)\ A dS(9) - - I \V c v{t,8)\ z dS{9) + 

gJV-1 I 



r, 



dv 

ds 



dS 



dS 



Or 



dS. 



By (J32J) we infer that 



(34) lim / 

fc— > + oo Jy- 



dv 

ds 



dS = lim 

k— f + OO J^N-l 



dv 

7h 



(s k ,0) 



k—t+oo J%N 



dS{9)^ lim / \V c v(s k ,9)\ 2 dS{8) = 0. 



Moreover an integration by parts in the left hand side of (|33|) yields 



C t \Cs k 



e^f(s,9,v)^d^-^ 
ds 2 



e - Ns f{e- s 9, u{e- s 9))u(e- s ,8) d/i 



c t \C Sk 



+ e- (N+1)s V x F{e- s 9,u{e- s 9))-9dn + N I e~ Ns F(e- S 9,u(e~ s 9)) d/j 



c t \c Sk 



[ e- Ns F(e- s 9,u(e- s 9))dS + f e~ Ns F 
Jv t Jr Sk 



c t \c Sfc 
(e~ s 9,u(e~ s 9))dS . 
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By JFJ and (32]) we have 

e - Ns F(e- s 6,u(e- s 6))dS 



(35) lim 

k — ^+oo 



^ const lim 



fc— >+oo \./sJV- 



-2s fe „,2/ 



v 2 (s k ,9)dS(9) + ( e(- N+ ^ p ) Sk \v(s k ,9)\ p dS(8)) =0 



S N-1 



Passing to the limit as k — > +00 in (|33|) . by (|H[) . (|F|) . (|32|) , (|34|) and (|35|) we arrive to the conclusion. 

□ 

In the next lemma we provide a useful representation for the derivative of D. 



Lemma 5.3. Under the same assumptions of Proposition \5.2\ the function D defined in \28i 
belongs to W lo ' (— logi?, +00) and 



D'{t) 



Or 



dS + 2l e~ 2s hv^- dn - (N - 2) / e~ 2s f(s,6,v)v dfi 



ds 



+ 2/ e~ {N+1)s V x F(e- s 9,e — s v(s,9))-9d^ + 2N e- Ns F{e~ s t 
Jc t Jc t 

-2 f e- Nt F(er t 9,e £L ^ lt v(t,9))dS + e~ 2t [ (hv 2 + J(t,6,v)v)dS 



, e 2 8 v(s,9))dfi 



r t 

m a distributional sense and for a.e. t 6 (— logi?, +00). 
Proof. Since 



r, 



D'(t) = 

the proof directly follows from (|31l) . 

The derivative of H is computed in the next lemma. 



\V c v\ 2 dS + e' 2t / (hv 2 + f(t, 9, v)v)dS, 



□ 



Lemma 5.4. Under the same assumptions of Proposition \ 5.2\ let H be as in (|29p . Then H is 
differ entiable in (—logi?, +00) and 



H'(t) = 2 v-^-dS = -2D(t) 



for any t £E (logi?, +00). 

PROOF. By Remark 1331 v € C^Cn). Moreover H(t) = J gN _ 1 v 2 (t, 9) dS{9) and hence 



H'{t) = 

which, together with the identity 



dv 



2v(t,9)—dS(9) = / 2v— dS, 



Or 



ds 



Ft 



\V c v\ 2 dn+ I v—dS= I e- 2s (hv 2 + f{s,e,v)v)dfi 



c t 



obtained by taking w = v in (|23[) , completes the proof of the lemma. 
Let us now compute the derivative of N '. 



□ 
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Lemma 5.5. Let h satisfy ((H)) , / satisfy |F]). u £ 1-Li oc (fl) be a nontrivial solution of {5p. Let M 
be the Almgren-type function defined in (f5U|) . Then M £ W^ c (i, +00) and 

(36) M*(t) = v 1 (jk)+v 2 (t) 

in a distributional sense and for a.e. t € (t, +00), where 

{km 2 ds) (s r yds)-(s rt v%ds' n 



vi(t) := -2 



and 

2 J e- 2s h(s 7 e)v(s,9)^( Si e)dfi + e- 2t J r hv 2 dS 

" M = - 1 lyrs ' 

2 J c e -( JV+1 ) s V I F(e- s e, e^ s w(s, 9)) ■ 9 dfi 

+ — J-^ds 

2N J Ct e- Ns F{e- s 9, e^ s v{s, 9)) d/i-(N- 2) J Cf e~ 2s f(s, 9, v(s, 6))v(s, 9) dfj, 
+ 1 I^dS 

e- 2t J^N-i f(t, 9, v(t, 9))v{t, 9) dS(9) - 2e.- Nt Fje^6, e^vjt, 9)) dS{9) 

PROOF. It follows from (|3"0]l. Lemmas IOI 15.41 □ 

In order to show that the Almgren function Af admits a finite limit as t — > +00 we need some 
preliminary estimates which will be proved in the next lemmas. 

Lemma 5.6. Under the same assumptions as in Lemma 15.51 let M be as in i30\) and t as in 
Lemma \5.1\ Then, up to choose a larger t, we have 



N{t) > -Ce 



7=7„-Mt 



(37) D(t) + H(t) >\{J c |V c v| 2 ^ + jf v 2 dS^ 

for any t > t, where C is a constant depending only on N, s,p, u, h, f and M = min {e, ^ — iV+2}. 
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PROOF. Combining assumptions (fHf . (fFj) with Lemma \A. 41 and Lemma T4.51 we obtain that, for 
t > t with t large, 

D(t)= f |V c i'| 2 rf/i- / e- 2s hv 2 d^- { e- 2s f(s,9 7 v)vdfi 

J Ct J Ct •* Ct 

■e- £t - V c v\ 

■ 2 dS 



C f C 2 e- 2t ~C f C N J^ +N - 2 )\J Ct e(- N +^>\v\Pd,,)^ jf |V C «| 

- (c /i c ee - rf + c / fte- 8 + c / c ff /^ + M«g^(-^^)>^)^Jjf „ 

> (c h C e e-« + C f C 2 e- 2t + C f C N ^-^ +N - 3 )y Ct e(- N+ ^)'\v\^)^ jf 



w 2 dS 

for which yields the conclusion if i is chosen sufficiently large. □ 

Next we provide an estimate on the function v 2 introduced in Lemma 15.51 

Lemma 5.7. Under the same assumptions as in Lemma \5.5\ we have 

^C l (e- at +g{t)){N{t) + i) + C 2 e- 2t foranyt>t, 

where C\ and C'2 are two positive constant depending only on N,h,f,u but independent oft, 
a := min{e, 2, — N + 2}, and g 6 L^(t, +00), g 5^ a.e., satisfi< 



f'.s- 



+00 if \ p 

g ( s ) ds < — ^ ( / e(- 7V+ ^ p ) ;i |t;( S ,6l)| p d/i J e ( _ ^ +JV - 2 )* foranyt>t. 



PROOF. From JH]) and JF]) it follows that 



(38) Mi) I < 



C h J Ct e^ s v 2 (s,9) dfi + C h e~ et / C( \V c v\ 2 dfi + C h e~ st J Ft v 2 dS 



j r yds 



3NC f J c e~ Ns [u 2 {e- s e) + \u{e- s e)\P}dn 



J Tt v 2 dS 

, 3C /e -™ /^[^(e-'fl) + \u{e-t9)\P]dS{9) 

f T yds 

C h J Ct e- es v 2 (s, 9) dfi + C h e~ st \ VcV \ 2 dfi + C h e~ et v 2 dS 
3NC f \j Ct e~ 2s v 2 {s, 9) dpi + J Cf e(- N+ ^ p >\v(s, 0)\* dfi 



f r yds 

ZC f e~ 2t ^ N _ lV 2 {t,9) dS{9) 3C>eH^3!!j! is"- 1 6 ^ dS ^ 
J r u 2 dS* J r v 2 dS 
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By Lemma 14.51 and ([37]) we obtain for any t > t 

(jf e(- N+ ^>\v(s,e)\^J\c NtP e(-"f +N - 2 > Qf \V c v\ 2 df, + jf ^ 

^2C^ pe (-^ +N " 2 ) t p(0+^(t)) = 2C N , p e(-^ +Ar - 2 )*(AA(<) + l) / v 2 dS 
and hence 

3C /e (-" + ^)7 s „_>M)pdS(0) 



r, 



(39) 



/rte (-^^)y (M )|p d s 



< 6C f C N . p e (-"f+ N - 2 > — ^ (AT(i) + 1) 



We also have 



(40) < g(t) := eS~~ 



^ e (_ JV+ ^ p ). |t)(ajfl)|p ^ 



p - 2 I d* 



("^+^) f (J e (-^+^)>M)|*d/. 
- (-^+7V-2) e (-T L+w - 2 )* Qf e^+^'K*,*)^ 
(-m + iv- 2 ) t / f e (-»+^r> HS)6 )\Pd» 



p a 
p~2~dt 



in the distributional sense for almost every t > t. But the right hand side of (f4T)|) is integrable 
(t, +oo) since 

p-2 

lim e (-^+ N - 2 )* C / e (- w+ ^)'>( S ^)rd^ P =0 



t— >-+oo 



c, 



and hence we also have g G L 1 (t, +oo). 

Combining (|38|) . (|39ft with Lemma [4T4l Lemma 14751 and (|37|) we obtain 



M*)l < 



eiVQC^ e (-f L + w - 2 ) t (jf e (-^+^)>( s ,0)| p d/i 



+ 2C h (C e + l)e~ et + 6NC f C N , 2 e- 2t + &C f C N<p g(t) 



(Af(t) + 1) + 3C f e 



The statements of the lemma follow from this last estimate and the definition of g. 
We can now prove that the function J\f admits a finite limit as t — > +oo. 
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Lemma 5.8. Under the same assumptions as in Lemma \5.5l the limit 7 := lim f _j. +00 Af(t) exists 
and is finite. Moreover 7^0. 

Proof. From Lemma IBTol we have that 



(41) liminfJV(i) > 0. 

t— >-\-oo 

On the other hand, by Lemma 15.51 Schwarz inequality, and Lemma 15.71 we have 

(42) (Af(t) + 1)' = Af'(t) = Mt) + m(t) < Mt) < C!(e- Qt + g(t))(Af(t) + 1) + C 2 er 2t 
and in turn 

— [e^ 1 -A +00(e " < " +9(s)) ' i8 (Mi) + l)l c 2 e~ 2t+ ^ 1 S ^ {e "" +9{s))ds . 
dt L J ^ 

Since the right hand side in the above line belongs to L (I, +00), after integration we deduce that 
A' is bounded from above and hence, by (|4"2"j) and Lemma 15771 it follows that Af' is the sum of the 
nonpositive function V\ and of the integrable function v^. This implies that 

lim Af(t)=Afft)+ lim / Af'(s)ds 

exists and it is necessarily finite since A' is bounded. This limit is necessarily nonnegative in view 

of dm. □ 

As a consequence of the convergence of Af, the following estimates on H hold. 



Lemma 5.9. Suppose that all the assumptions of Lemma 1 5. 5\ are satisfied. Then there exists a 
constant K\ > such that 

(43) H{\) ^ K 1 e- 2 ' <x for any \>t, 

with 7 = limt-y+oo Af(t) as in Lemma \5.£\ Moreover, for any a > there exists a constant K 2(17) 
such that 

(44) H(X) ^ Jf 2 (cr)e- (27+<T)A for any \>t. 
Proof. By Lemma 15741 and Lemma 15781 we have 



H'{\) 



H(X) - ^ 
By Lemma 15.71 we then obtain 



7- / N'{s)dx 



< -2 7 + 2 / v 2 {s)ds. 



. s$ -2 7 + Ce- ax for any A > i 
H(X) 

where C is a constant depending only on N,h, f,u,e,N,p and a is as in Lemma 15.71 Estimate 
(|43|) follows after integration in the last inequality. 

On the other hand, for any a > there exists X(a) > such that 

^ -2 7 - a for any A > A(cr) . 

Estimate (|44|) follows after integration. □ 
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6. A BLOW-UP ARGUMENT 

Convergence of the frequency function Af as t — > +00 is a fundamental tool in the following 
blow-up argument. Hereafter, we denote as = fj,i < ^2 ^ • • • ^ ^ • • • the eigenvalues of 
— Agw-i with the usual notation of repeating them as many times as their multiplicity. Hence we 
have that /^i = Ao =0 and 

if k > 1 and ^n=o TO ™ < fc ^ ELo™»' tnen ^fc = <V 

Lemma 6.1. Under the same assumptions as in Lemma \5.5l let us define the family of functions 
i w x} x> t 

W X (t, 9) := A ' ^ for anyt^O and 9 G E> N ^ . 

Let 7 be the limit introduced in Lemma \5.8l Then 

(i) there exists k G N \ {0} such that 7 = ^//i Ko ; 

(ii) for any sequence X n — > +00 there exists a subsequence X rik and an eigenfunction %j) of 
— Agiv-i corresponding to the eigenvalue fj,]~ such that ||V'I|l 2 (s jv - 1 ) = 1 an d { w X n } con- 
verges to the function w(s, 9) := e~^ tXk ° s ip(9) weakly in H^Cq), strongly in H^Ct) for any 
t > 0, and strongly in C^(Co) for any a G (0, 1). 

PROOF. By ([57)1 and the definition of w x we see that 

7V(A) + l>i^ \V c w x \ 2 d^ + w\dS 

and by Lemma l4~T3l and Lemma [5751 we deduce that {w\} x> j is bounded in H^(Cq). Let {A n } ne N be 
a sequence such that A n — > +00. Then there exists a subsequence A„ fc and a function w G H^iCo) 
such that w\ nk — w in iJ M (Co). Let us show that w weakly solves the equation Acw = in Cq. 
By direct computation one sees that w x weakly solves the equation 

(45) -A c w x (t, 9) = e~ 2X e- 2t h(t + X, 9)w x (t, 9) + -== e~ 2t f{t + \ 9, ^W(Xjw x (t, 9)), in C , 
and hence, for any <f> G H ^0(^0)1 

(46) / V c w A -V c 0d/i = e~ 2X j er 2t h(t + \ 1 9)w x {t 1 9)<P{t,9) dfi 

-2A 

-2t 



e~ 2t f(t + A, 9, ^H{X)w x {t, 9))<t>(t, 9) dfx . 



We estimate the two terms in the right hand side of (|46|) . By (|H|) . Lemma T4.4[ and boundedness 
of {w x } in iJ M (Co), we have 



(47) 



e -2A / e -*h{t + \,6)w x (t,6)cl)(t,6)d(j 1 



^C h e-^ / e- £t \w x {t,9)\m,9)\dv 



\V c w x \ 2 d f i+ [ w 2 ds) 1 ■( [ \V c 0\ 2 dfx+ [ tfdS^ 

JTa / \JC Jr 
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as A — > +00. On the other hand by JFJ we have 

„-2X 



(48) 



e- 2t f(t + A, 9, y/W(X)wx(t, 0) d/z 



< C f e" 2A 



-2/ 



Wx (t,e\m,0)\d^ 



Co 

p(N—Z)—2N 



p(N-2)-2N 



\v(t + X,9)\ p - 2 \w x (t, 9)\ \tj>{t,0)\ dfi. 



One can show that the first term in the right hand side of (|48|l tends to zero as A — > +00 by 
proceeding as in (|47|) . Let us prove that also the second term in right hand side of (|48|) tends to 
zero. Indeed, by Holder inequality, Lemma l4~5l and boundedness of {w x } in H^(Cq) we obtain 



(49) 



p(JV-2)-2JV - 



e «"-V 2N t\ v ( t + A, 0)I*- 2 K(t, 0)\ \<l>{t, 0)\dn 



< e" 



C 

p(iV-2)-2iV 



p-2 

p(AT-2)— 21V . 

e 2 + A, 0)| p d/x 



Co 



p(N -2)-2N . 

e s VM)!"^ 



Co 



p(«-2)-2« . p-2 2JV-p(JV-2) . 



p(N — 2)— 21V . 

e 3 '10(4, 0)|f dfi 

Co 

(Af-2)-2Af , 



/ |V C 

Jc Q 



w x \ 2 d[i+ I w\dS 



\v\ p d[i 



\V c <t>\ dp+ / 



asA-> +00 since p < 2*. Passing to the limit in (|46|) along the sequence {A„ fc } and using ([371 
(1491) we obtain 



/ Veif • Vc0d/i = for any S H^^iCo) 
Jc Q 



This proves that u> is harmonic in Co- Testing with a function <fi 6 H^(Cq) we also have 



(50) / V c wVc(t>d l i = - I ^(jidS. 

Jco Jr 9s 

Moreover, since J r w 2 dS" = 1, by compactness of the trace map we also have that 
(51) 



w 2 dS=l. 



We claim that u>A„ fc — > w strongly in H^fCt) for any t > 0. To this aim, we first observe that, by 
direct computation, the function u x = T _1 u>a is actually a rcscaling of the function it, i.e. 

N-2 \ 

e ~ _ x 
u x (x) = — . u(e x) 
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so that it solves the equation 

\2 



N 



- Ait A 

By (|H|) we obtain 
(52) 

and by © and (@3 



(53) 



f£ = e- 2X h(e' x x)u x + 



■-x . e -2A 



f(e- x x, \/W(Xj ( 



\e- 2X h(e- x x)u x (x)\ < C fee - eA |z|- 2+£ Mz)| 



v u A ) in Si. 



:A. e -2A 



f(e- x x,y/W(Xje^ x u x (x)) 



C f e- 2X \u x (x)\ + C f {H{\)) P -^ei- N+ ^) x \u x {x)r 



Taking into account that the set {u x } x> j is bounded in l-L(Bi) (we recall that T is an isometry), 
by © we also have that {u x } x> j is also bounded in if 1 (^4) for any open set A d B\ \ {0}. 

Therefore by (f5"2"j) . (fBU)) . (|^3")l . the fact that p < 2*, and a standard bootstrap argument, we 
deduce that u x is bounded in C lo '"(-Bi \ {0}) for any a G (0, 1); the same holds true for the set 
{w x } in C^(C ) for any a G (0, 1). 

Moreover along the subsequence {A nfc } we also have 

for any a G (0,1) and in particular 

54 —fT^ IT 

os os 

Taking A = X nk in (|45|) . testing in C t with the function w\ nk — u> G H^iCt), for any t > we obtain 



inC£ c Q (C ). 



/ V c u>A ni -Vc(w\ ni -w)dfj, = — I 



ds 



w) dS 



e- 2s h(s + X nk , 6»)w A (s, (9)(un (a, 0) - «;(*, 0)) ^ 



-2A„ 



-2s 



Using (|50|) with = iu A „ fc — u>, the last identity then gives 

/ dw Xrik dw 



f(s + X nk , 0, y/H{X nk )w Xnir (s, 6))(w Xnk (a, 6) - w(s, d))dfi. 



|V c (w A „ ~w)\ d/i 



V 9s 



5s 



(to - un ) dS 1 



5 /i(s + A„, , 0)w Xnt (s, 9)(w Xni (s, 6») - iu(a, 9)) dp 



-2\„ 



e~ 2s f(s + X nk , 9, y/H(X nk )w Xnk (a, 0))(un (a, 0) - u>(a, 0)) d/i . 



s/mx^Jc, 

Passing to the limit as k — > +00, proceeding as in (|47)) - (j49)) and using ([54)1 and the fact that 
u>A„ fc — > if in i 2 (r t ), we obtain VcWA„ fc - > Vcu> in L 2 (Ct) and in turn, thanks to Lemma 14.31 
ifA„ - > w strongly in H^(Ct) for alH > 0. 
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According with (|30[) , it is reasonable to associate to every solution w\ of (|45|) the Almgren-type 
frequency function 



where 



Nx(t) := —44 for any t ^ and A > t, 
H x{t) 



D x {t):= / \V c w x \ 2 dn-e- 2X e~ 2s h(s + A, 0)w\(s, 6) d/J, 
Jc t Jc t 

e -2A 



and 



e~ 2s f(s + A, 9, yfW(Xjw x ( S , 6))w x (s, 6) 
Hx(t) := / w\dS. 



By direct computation it follows true: 

(55) Af(t + A) = Af\(t) for any t > and A > t. 

Since w Xnk w strongly in H^{C t ) for any t > 0, passing to the limit as k — > oo and proceeding 
as in (jT7|) - P5|) . we obtain, for any t > 0, 



(56) Dx„ (t)-> / |V c w| dp 

JCt 

and 

(57) H Xnk (t) ^ 1^ w 2 dS . 

We claim that 
(58) 



/ \V c w\ 2 d f i+ w 2 dS>0 foranyi>0. 
Jc t Jr t 



Indeed if there exists t > such that J c \Wcw\ 2 d[i + f r w 2 dS — then by a classical unique con- 
tinuation property we deduce that w is identically zero in Cq in contradiction with (|51[) . Moreover 



(59) / w z dS > 

for any t > since otherwise, if there exists f > such that J r u> 2 d5 = 0, then by (|56"|) . (|57p . 
we would have 

D \ (*) 

7 = Urn Af(t + A« J = lim AA A (i) = lim " = +oo, 

fc— >+oo fe— >+oo fc fc— >+oo Mx n \t) 

a contradiction. Therefore 

for any t > 0. Combining this with (|55p and Lemma [5781 we deduce that 

(60) ■A/ U) (i)=7 foranyt>0. 
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This means that Af w is constant and in particular, for almost every t > 0, by Lemma l5.5l we have 

0=K(t) = 2 (/ r J^| 2 ^) {s r yds) - (j^ds) 2 

The condition (j Ft w^fds) 2 = (j Ft \ ^j\ 2 ds) (j Ft w 2 ds) implies that, for almost every t > 0, 



the functions 9 H> w(t,6) and 9 i-> ^f(t,9) are parallel as vectors of L 2 (S N 1 ) and hence there 
exists a function i] depending only on t such that 

3w 

(61) —(t,6)=ri(t)w(t,6) foranyt>0. 

Clearly the function ?y(i) = (w(t, 9)) _1 Qjf(t, 9) is well defined and continuous for any t > thanks 
to (|5^|) . After integration in (|6ip we deduce that w admits the representation 

w(t,9) = <p(t)^(e). 

It is not restrictive assuming that Ln-i ip 2 dS = 1. Inserting the above representation of w into 
the equation Acw = 0, it follows that there exist fco G N \ {0} and c\, c% € M. such that 

-Agw-i^fl) = Mfc o V>(0) and ^(t) = dev^* + cae-v^*. 
Since w € H^(Cq) and J r w 2 dS = 1, then necessarily ci = and C2 = 1, so that we may write 

(62) w(t,9) = e-v^*^). 

Finally, inserting (|52^) into ([S(J|). we infer that 7 = ^//x^ , thus completing the proof. □ 
The next lemma provides an upper bound for the function v. 



Lemma 6.2. Suppose that all the assumptions of Lemma \5.5\ are satisfied. Then, up to enlarge t, 
there exists a constant C independent of s such that 

(63) sup?; 2 ^ CH(s) for any s >t 
and 

(64) supv 2 ^ CKie~ 2ls for any s >t. 

r 3 



PROOF. Estimate (|64l) follows from (j63J) and (|43[) . In order to prove (|63[) we proceed by contra- 
diction and assume that there exists a sequence s n — > +00 such that 

sup v 2 (s n ,9)>n[ v 2 (s n ,9)dS(9) . 



Putting A„ := s n — 1 and dividing both sides of the last inequality by y/H(X n ) we infer 



(65) sup w{ (1,9) >n / w{ (1,0) dS (9) 

with w\ n as in Lemma [6~T1 By Lemma \6. 11 along a suitable subsequence {A„ fc } we have 

sup w\ n (1,0) ->■ sup e- 27 V> 2 (6») 



BORDERLINE HARDY POTENTIALS 



2o 



and 

w\ ->e" 27 I ^ 2 (9)dS(9) = e^ 7 , 



hence contradicting ([65]) . □ 
We now describe the behavior of H (t) as t — >• +00. 

Lemma 6.3. Suppose that all the assumptions of Lemma 15.51 are satisfied and let 7 6e as m 
Lemma [5731 Then the limit 



(66) lim e 2lt H(t) 
exists and belongs to (0, +00). 

Proof. By Lemma [531 Lemma I5~8l and direct computations we obtain 

d r +ao 

^(e 2 ^H(t)) = 2 1 e 2 ~< t H{t) + e**H'(t) = 2e 2 '> t H{t){j - Af(i)) = 2e 2 ~< t H(t) / Af'(s) ds . 
dt J t 

Integration in (t, t) then yields 

(67) e 2lt H{t) - e 2 ^H(t) = 2 J_ e 2 ^ s H{s) (J Vl {z)dz^j ds + 2 J_ e 2 ^ s H(s) (J* v 2 {z) dz^j ds. 
By Lemma 15.51 we deduce that the function 

s I— > e 27S iT(s) / i>x{z)dz 

J s 

is non positive. 

On the other hand combining Lemma 15 . 71 with (|43| we infer that 

r>+00 



is integrable in a neighborhood of infinity. This implies that the right hand side of (|67[) admits 
a limit as t — > +00. This proves that the limit in (|66[) exists; on the other hand by (|43[) it is 
necessarily finite. It remains to prove that it is strictly positive. 

Let R be such that Br C and let T := — logi?. For any k E N let us denote by xpk an 
eigenfunction of — A§«-i corresponding to the eigenvalue fi k and suppose that the set {ipk}k^i is 
an orthonormal basis of L 2 (E> N ~ 1 ). For any t ^ T, we define the functions 



<p k {t) := / v(t,0)^ k (0)dS(9) 

and 

Ck(*) == / W 2t h(t, 6)v(t, 9) + e- 2t f(t, 9, v(t, 9))] ^ k {6) dS{9) 



Since v is a solution to (f2Tj) then, for any fc ^ 1, ipk solves the equation 

Vk(*) + AWfc W = Cfc(*) in [T, +00). 
Integration of the above ordinary differential equation yields 

Mt ) = (4 - /J ^ &(-) *) ^ + (4 + /J aw * ) e-^* 
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for some c\ , c§ £ K. Let ko ^ 1 be as in Lemma 16.11 so that 

7 := lim JV(t) = ^/JJ^. 

t— > H-oo 



By definition of ipk and the Parseval identity we have H{t) = |</?fc(i)| 2 . In particular, by ((43 



fc=i 



bfc(t)| < V^ffW < VKie-^ x for all t > t. 

Let m be the multiplicity of the eigenvalue ^fc and let jo be such that 

A* jo = • • • = A*fc = . . . = /ij _|_ m _i. 

Let us fix an index i G {j'oj • • • ; jo + m ~ 1} an( l provide an estimate for the function (i. From ((H)) . 
([F]). and Lemma 15721 we infer 

(69) |Ci(t)| < (C,e- £t +C f e- 2t )^/im + C f C E ^^- 1 (H(t)) P -^e(- N+ ^) t 

sC V^^e" 6 ' + C / e- 2t )e-V^ t + C f C^ ^W^K^ e^ N+E ^ lp ) t e^-^^ 1 . 
Since p > 2, the previous estimate gives 

s i-> e^^C^s) € L^Oj+oo), s i ^ e-V^^^s) e L x (0,+oo). 
This implies that 

•t _ . /lij., s \ 

Ci(s) ds ) e'v^* = 0( e -v^ 4 ) = o(ev^*) as t -> +oo 



and hence 



+°° p^V^M) 8 



&(s) ds = 



since otherwise we would have lim t _ >+00 ipi(t)e~^ tJlk ° 1 ^ 0, in contradiction with ((68 
Therefore we may write 

(70) ifiit) 



1 pV^H) S 



0(s) ds ev^* + 4 + / n d{s) ds e'v^* 



T 2-v//-tfco 



and so by (|69|) wc infer 



-00 



(71) W (t) = U+ / __C i (s)ds e -vW* + ( e -(v^+*)*) as t^ + 

V Jt 2 V^o / 

where S = min{e, 2, -iV + ^f^p}- 

Suppose by contradiction that lim e 2 ^ AIfe ° t H(t) = 0, so that, by (|68| . for any fc ^ 1 we have 



(72) 



lim ev^Vfc(i) =0. 



Multiplying both sides of ([71]) by e^ Mfc o * and exploiting (f72|) we get 
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and hence 

/ r+oo „^/Wk^ s \ 

<Pi(t) = -[ &(s)ds e -V^* + ( e -(V^+' 5 ) t ) asi^+oo. 

Using again (|69|) . we finally obtain 

(73) ifi(t) = 0(e- ( V^+V t ) as t +oc . 
Therefore, by ((44j) with a < 26 and ([73]), we have 

/ w\(0,6)ipi(6)dS(6) = (H(\))-i<pi(\) = o(l) as A -> +oo, 

for any i G { j , . . . , jo + m — 1} . Passing to the limit as k — > +oo along a subsequence as in Lemma 
16.11 then yields 

/ i>(6)i>i(6)dS(6)=0 for any iG {j , . . . , j + m - 1} 

with -0 as in Lemma |6. II This contradicts the fact that ||V'IIl 2 (s jv - 1 ) = 1 ancl that ip belongs to the 
space generated by ij)j , . . . , ipj + m —i. The proof is thereby complete. □ 

We are now ready to prove the main theorem. 

Proof of Theorem 12.11 Let {ipi}i^>i be as in the proof of Lemma 16.31 By Lemma 16.11 and 
Lemma 16.31 for any sequence A„ — > +oo there exists a subsequence {A„ fc } such that, for any 
ae (0,1), 

jo+m— 1 

(74) e 7A "^(A„ fc ,#) -> MM ^C 1 ' a (§ N - 1 ) asfc^+oo, 

(75) e^— (A„ fc , 0)->- 7 £ ft^(0) in C°- Q (S JV - 1 ) as k +co, 
and 

(76) e 7A "'=Vsiv-iu(A Ilfc ,6l) -> ^ ftVsw-i^W in C ' Q (S Ar_1 , TS^ 1 ) as fc -> +oo 

for some /3 J0 , . . . , /3 JO+m - 1 G R such that (f3 jo , . . . , /3 JO+m _i) ^ (0, . . . , 0) . 

Let us prove that the coefficients /3j , . . . ,/3j 0+m _i G M depend neither on the sequence {A„} 
nor on its subsequence {A nfc }. 

First of all, for any i G {jo, . . . , jo + Tin — 1} we have 

(77) Ume^ ¥ , i (A n J= Hm v(\ nk ,6) dS(6) = 

On the other hand, by ([70]) with t = T := — logi? and i? as in the statement of Theorem 12. 1[ we 
infer 

4 = e ^ T ^(T) - e 2 v^ T / - - ds, 
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which inserted in (|7Tj) gives 

<Pi(t) = e^ T ^{T) - e 2 ^ T / t Ci(s) ds e"v^* 

v Jt 2 v^o / 

+ e ~VP^ t / d(s)ds + o(e- ( v / ^"+' 5 ) t ) as<^+oo. 

Multiplying both sides of the last identity by ev^o* and passing to the limit as t — > +00 we obtain 

eV^ViW -> ev^ T ^ ; (T) - e 2 V^ T / / CiO) ds + / — — ds . 

Jt z V^k Jt ^v^fco 

This combined with ([77]) yields 

— f + °° p^V^o s f +oc pVWo 5 

Pi = e^ T Vi{T) - e 2 ^ T / - Ci(«) & + / 77= Ci(«) da . 

Therefore the coefficients /3j , . . . , /3j + m —i do depend neither on {A„} nor on {A„ fc } and hence 
(|7i)) -([75 | also hold as A — > +00 and not only along the sequence {A„ fc }. The proof of Theorem 12. II 
then follows from (|6]), the fact that v = Tu, and direct computations. □ 
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